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<N 

Abstract. We introduce the tropicalization of closed subschemes of a torus 
defined over a higher dimensional local field. We study the basic invariants 
^^^^ of such tropicalizations. This is a generalization of the results of Einslieder, 

^ Kapranov and Lind, [4], Speyer [20] and Speyer and Sturmfels [21] to higher 

dimensional local fields. 



o 

^ 1. Introduction 

(-i Let k be a local field and k"' be a fixed algebraic closure. The valuation on k 

^ extends to a group homomorphism v : (k"')^ — >■ Q. If X is any subvariety of the m- 

^ dimensional algebraic torus Tk = k' '^^^ defines the tropical variety associated 

to X, denoted by Trop{X), as the closure of the set {v{2,) : z € X} C M™. Such sets 
were studied by Bieri and Groves, [2] and later by Einslieder, Kapranov and Lind [4] , 
Speyer [20]; Speyer and Sturmfels [21]. More recently, Payne [16], has considered 
r — ■ further generalizations of tropicalization (the map Trop) to toric varieties. 

Higher dimensional local fields are a generalization of the concept of local fields. 
They were introduced by Parshin [15] and Kato [9, 10, 11] to generalize class field 
theory to higher dimensional schemes. Informally speaking, a n-dimcnsional local 
field is a sequence of discretely valued complete fields (IK(o) , K(i) , . . . K(„) ) such that 
each ]K(i) is the residue field of ]K(j_|_i). For instance, ¥ p{{ti)){{t2)) ■ ■ ■ {{tn)) is a n- 
dimensional local field. 

Geometric construction of such a field was given by Parshin. The idea is to look 
at the completion of function fields associated to a fixed fiag of smooth closed sub- 
schemes §0 C ...S„_i C S„ where dim(§j) = i. We refer the reader to [15] for 
details. 

In case of a n-dimensional local field K, the value group is a rank n free abelian 
group. As usual, the valuation group comes with an ordering. It turns out to be 
the lexicographic ordering on Z" . This means that the components of the valuation 
are asymmetric in nature. It turns out that extension of this map to the algebraic 
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closure K"' is not as straightforward as in the rank one (local field) case and some 
care is needed to define it. 

The recent interest in Okounkov bodies, as exemplified in the work of Mustafa 
and Lazarsfeld [14] , have demonstrated the importance of such vector valuc;d valu- 
ations. Motivated by their work, wc found out that the theory of tropical varieties 
over non-Archimedeanfields generalizes to higher local fields. 

Let K be a n-dimensional local field. Generalizing the one dimensional valuation 
map we have a vector valued valuation v : (K"')^ Fr. where Fr = R" as an 
abelian group with lexicographic order. Now if Tk is an m-dimensional algebraic 
torus and M is the lattice of characters then we define Trop as a map from T]k(K°') 
to Hom(A'/, Fr), which is "dual" to the co-ordinate wise valuation, sec definition 
5.0.7 for a precise statement. The main result of this paper, Theorem 5.2.7, is the 
following: 

Theorem. The tropicalization of a d- dimensional closed, reduced, irreducible sub- 
scheme of an algebraic torus over a n-dimensional local field is a rational polyhedron 
complex of dimension nd. 

In the case when X is a hypcrsurface, we provide an independent geometric 
proof of the above theorem by introducing the n- extended Newton polytope. This 
generalization is motivated by the extended Newton polyhedron construction of the 
authors of [4, Section 2]. Tropicalization of a hypersurface, defined over a field with 
arbitrary value group, has been considered by Aroca in [1]. In the case of higher 
local fields, our results are obtained (independently) as a special case of [1]. 

We give an example of a hypersurface (Example 5.2.8), which shows that poly- 
herdral complexes obtained as tropicalization over higher dimensional fields are not 
necessarily pure. i.e. the maximal faces (with respect to inclusion) need not have 
the same dimension. 

We have not addressed the question of connectedness of the tropicalization map 
in this paper. In case of a local field, one standard approach is to view the trop- 
icalization of a variety, as a suitable projection of the Bcrkovich analytification of 
the same variety, see [17]. However, the corresponding theory of analytification 
associated to a higher rank valuations is not developed. We hope that our work 
will be helpful to extend the theory of rigid analytic spaces to higher local fields, 
in the spirit of [17]. 

In their fundamental work, Speycr and Sturmfels pioneered the use of Grobner 
basis techniques to study tropicalization. It is possible to interpret the higher rank 
value groups, that arise in our context, as generalized weight vectors on polynomial 
rings. It then seems possible to extend the results of Grobner basis theory to higher 
local fields. 
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2. Valuations 

In this section wc recall some well known results in valuation theory. We are 
interested in the (special) case of valuations which are discrete and of finite rank. 
Our main reference is [5]. 

2.1. Ordered abelian groups. 

Definition 2.1.1. An ordered abelian group (F, +, <), is an abelian group (F, +) 
such that the underlying set F is a totally ordered and addition preserves the 
ordering. 

A subgroup A c F is called convex if for any 7 e F and 0<7<^eA=>7eA. 
It is clear that the set of all convex subgroups is linearly ordered by inclusion. The 
maximal length of a chain of distinct convex proper subgroups is called the rank 
of the ordered abelian group. 

In particular the only proper convex subgroups of a rank 1 abelian group is the 
trivial subgroup {0}. 

Example 2.1.2. (a) (Z, +), (Q, +) are rank 1 abelian groups with their natural 

ordering induced from M. 
(b) If (Fi, ^1) and (F2, ^2) are two ordered abelian groups, then we can define an 

def 

ordering, called the lexicographic order on F = Fi ® F2. It is defined as follows: 
(71; 72) r< (7i>72) if either 72 <2 72 or 72 =2 72 and 71 ^1 7^ 

Clearly, rank(r, = rank(ri, ^1) + rank(r2, ^2)- 

In general (Z",-|-) with its lexicographic order has rank n. 
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An ordering ^ of F is called discrete if there is a unique minimal positive 0) 
element. An ordering ^ of F is called Archimedean if for every a,l3 gT there is 
a positive integer n such that /3 ^ na. It is clear that any abelian group with an 
Archimedean ordering is of rank 1. The following proposition characterizes abelian 
ordered groups of rank 1. 

Proposition 2.1.3 (Proposition 2.1.1 [5]). An ordered abelian group F is of rank 
1 iff it is order isomorphic to a non-trivial subgroup of (M, +) with the canonical 

order induced from, M. 

Corollary 2.1.4. Any abelian group with a discrete rank 1 ordering is order iso- 
morphic to Z . 

Remark 2.1.5. Given any ordered abelian group F, we will augment it by a symbol 
oo with the properties 7 ^ oo and 7 + 00 = 00 for all 7 S F. We will denote the 
enlarged set by F U {00}. 

Definition 2.1.6. A valuation on a field k is a surjective map : k — >■ FU {00} 
satisfying the following properties: 

i.(0) =''cx) 

(1) i^{ab) = iy{a) + v{h) 

u{a + 6) > min{i/(a), z^(6)} 

Remark 2.1.7. The rank of a valuation is defined to be the rank of the abelian 
group z/(k^). If F = {0} then v is called a trivial valuation. 

Associated to a valuation 1/ : k — >■ F U {00} is the ring 0^ = {a; e k : u{x) > 0}. 
A ring i? c k is called a valuation ring if for all a; e k either x G R or G R. 
The ring 0,^ is a canonical valuation ring associated to u. Conversely we have : 

Proposition 2.1.8 (Proposition 2.1.2, [5]). Given any valuation ring i? C k. There 
is an ordering on the abelian group k^/ii^ such that the quotient map i/ : k^ — )• 
k^/i?^ is a valuation and R= 0^ 

The group 0^ of units in 0,^ is given by {x G k : v{x) = 0} . The ideal m.jy = 
{a; e k : iy{x) > 0} is a maximal ideal of 0,y. The field k =' 0,y/mi, is called the 
residue field. It is to be noted that the ring 0^ is not in general, a local ring, for 
arbitrary valuations. 

Definition 2.1.9. Two valuations Vi : k ^ FiU{oo}, (i = 1, 2) are called equivalent 
if they define the same valuation ring i.e 0^^ = 0^^ . 

Proposition 2.1.10 (Proposition 2.1.3 [5]). Two valuations : k — > FiU{(X)} {i = 
1, 2) are equivalent iff there is an order-preserving isomorphism (. : Fi ^ F2 such 
that Loui = 1/2 
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2.2. Extension of valuations. If k2 is an extension of ki and 1^2 ■ ^2 ^ ^2 and 
i/i : kf — >■ Fi are given valuations, we say that U2 is an extension of ui if the 
following diagram commutes 




where / : Fi ^ r2 is an order preserving injective group homomorphism. It turns 
out from a theorem of Chevalley that valuation can always be extended to any field 
extension. 

Theorem 2.2.1 (Chevalley, Theorem 3.1.1, [5]). For a field k, let K C be a 
subring and p C R 6e a prime ideal of R. Then there is a valuation ring 0/ k 
and a maximal ideal mo C such that R C and mo fl R = p. 

Corollary 2.2.2. Let k2/ki be any extension of fields, let Oi C ki be any valuation 
ring. Then there is a valuation ring O2 C k2 such that O2 n ki = Oi. 

When dealing with algebraic extensions one has a little more information on the 
rank of the extension of the valuation. More precisely, we have: 

Theorem 2.2.3 (Theorem 3.2.4, [5]). Suppose that'\<i2 is an algebraic extension of 
the valued field ki and O2 is a valuation ring extending the valuation ring Oi C ki. 
Then the following holds: 

(1) The group r2/ri is a torsion group where Fj = ^s.'^ /O^ (i = 1, 2). 

(2) k2 is an algebraic extension o/ki. 

CoroIIciry 2.2.4. The rank of extended valuation remains the same for algebraic 
extensions of fields. 

3. Higher dimensional local fields 

Definition 3.0.5. A n-dimensional local field over a field k is an ordered sequence 

of fields, (K(o),IK(i), . . . ,IK(„_i),IK(„)) such that : 

1. Each IK(j'), 1 < 2 < n is a complete with respect to a discrete rank one valuation 

: K^^^ — >■ Z (i.e. each Kjj) is a local field). 

2. K(j) is the residue field of IK(j_|_i) for all i > 0. 

3. K(o) = k 

Remark 3.0.6. (i) Wc will use the phrase "K is a n-dimcnsional local field" 
when the underlying sequence of fields (IK(q), . . . , K(„_i), K(„)) is clear from 
the context and K = K(„) . 
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(ii) The valuation ring of K(j) with respect to will be always denoted by Ok^ . 
The maximal ideal of Ok(j) is denoted by mK(j) • 

(iii) Henceforth, we will always assume that each is a nontrivial (and non- 
Archimedean) valuation (i.e. iWfj) ^ 0). 

def 

Example 3.0.7 (Equal Characteristic). Given any field k, consider K(j) = 
k((fi)) . . . ((tj)), complete with respect to the valuation ordj. : K^.^ Z. Then 
K(„) is a n-dimensional local field over k. 

Example 3.0.8 (Unequal Characteristic). If IK is any field complete with respect 
to a discrete valuation w : K — > Z U {oo} consider the field 

K{t} < Uif : ttj e K, inf{'u;(ai)} — oo and w{ai) — >■ oo as i — > — oo > 

V.i= — oo J 

Our assumptions on the growth conditions of the coefficients make the algebraic 
addition and product (usual power series operations) are well defined. 
Now define a discrete valuation v on K{t} (extending w) as follows : 

oo 

i/( ^ a^f) = mi{w{ai)} 

i= — oo 

Then K{t} is complete with respect to the valuation i/. 

If moreover k is the residue field of K (with respect to the valuation w) then the 
residue field of K{t} is k((f)). Note that char(k) = char(k((<))) and in general it is 
not equal to char(K{t}). 

The structure theorem for higher local fields is as follows: 

Theorem 3.0.9 ([23]). Lei K be an n-dimensional local field. In case, char(K) = 
and c/iar(K(o)) = p, denote by fco ^ the quotient field of 1/F(K(q)) (the Witt ring 
o/K(o)7 '^66 [18] ThenK. is one of the following fields. 

(a) If char(K) = c/iar(K(o)), then K is isomorphic to K(o)((ti)) ...((<„)). 

(b) If c/iar(K(„)) = p and c/iar(K(m_|_i)) = 0, m > 1, Then K is a finite totally 
ramified extension of the the field k{{ti}} . . . {{tm}}{{tm+i)) ■ ■ ■ ((*«)) where k 
is a finite extension of ko . 

(c) If char{JK.(i)) — and char(K(Q)) = p thenK is isomorphic to k{{ti)) . . . ((f„_i)) 
where k is a finite extension of ko. 

3.1. Algebraic Extensions. Let K be an n-dimensional local field and L be a 
finite field extension of K. Recall by the conventions in 3.0.6, we will interchange- 
ably use K and IK(„). By [18, Ch2, Prop 3], L is a complete with respect to a 
(non-trivial) discrete valuation, w]^. Moreover from the same theorem, we have the 
valuation ring of L with respect to w^, denoted by Ol is a free module of finite 
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rank over Okj^, . As a result the residue field of L denoted by L(„_i) is again finite 
dimensional field extension of K(„_i). 

Using the aforementioned theorem repeatedly, we see that L itself becomes a n- 
dimcnsional local field with each L(j) a finite extension of IK(j). We say that the 
structure of L as a n-dimensional local field is compatible with that of K. 

3.2. A rank n valuation on K. Let us consider the following subsets of a n- 
dimensional local field K 

P = {fGK:w^„){f)>l} 
Qi = {/GK:zi;(„)(/) = ... 

for I < i < n — 1 
R = {/eK:u;(„)(/) = ... 
LetO^ = PUQiUR 
Then 0^ is a commutative ring with one. 

Lemma 3.2.1. 0^ is in fact a valuation ring (see section 2 for definition). Let 
pK dgf ](^x/^qK)x_ y/jg^ pK ^ jj^^^ ^qK)x ^/^g elements in Of 

whose inverses also belong to the same ring. 

Proof. If / G then (replacing / with /^^ if necessary) we always have = 
... = ui(„_j+i)(/) = and w;(„_j)(/) > as each OK^i^ is a valuation ring. This 
proves the first assertion. 

Now, consider the following descending filtration on 

^^(IK) = K"" 

S\K) = {/eKX 

S^{K) = {/eKX =«;(„_!)(/) = 0} 

= {/eK>< :«;(„) (/) = ... = «;(!)(/) =0}. 

The induced filtration on T^, is given by 

F\T^) = S\K)/{S\K) n (0^)^). 

We then have F' {K) / F'+'^ {K) ^ Z. 

Let us consider now an increasing filtration Gi{r^) defined by 



= W(n-i+i){f) = and w^n-i){f) > 1} 

= W^n-i+l){f)=W(x){f)=0] 
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We now pass to the associated graded construction and we have the required iso- 
morphism Gi{r^) ^ Z". □ 

Corollary 3.2.2. If we totally order by transporting the lexicographic order 
from Z", using the above isomorphism (with respect to the filtration G,), then 
V ■.'K^ r"^ is a valuation map. 

Remark 3.2.3. In Uterature, the valuation map is concretely realized by using the 
concept of local system of parameters. Let tTj be any uniformizing element of Kj-^) 
(i.e. W(,)(7ri) = 1). 

A set tiK '= {ti,t2, - ■■ , tn) where t„ = and ti S (Ok(„))^ is an arbitrary lift of 
TTi for i < n is called a local system of parameters of K. 

The valuation is then defined in terms of successive reduction to the residue field 
by using these local parameters, see [22, 12] for details. 

If L is any finite algebraic extension of K, then Oj; is the valuation ring over 0^. 
So we have the following commutative diagram 



Y 



Moreover the filtration G, considered above has the property that Gj(L)/Gj(K) 
is finite abclian group for all i > 0. Passing to K"', the algebraic closure of K, we 
get a map v : (K"')^ — >■ Fq , where Fq =^liinF''' over all finite extensions. 

It is well known, that Fq is divisible and hence a Q module. It contains F"^ 
as a Z lattice. Let = F^ (^q K. It is an n-dimensional vector space with a 
given isomorphism with R". Under this isomorphism, the lexicographic order on 
R" induces a total ordering on F]^. 

We will refer to the map v : (K''')^ F^, and its restriction to sub-fields as 
the valuation map. When the underlying field is clear from context, it will almost 
always be denoted by K, we will for brevity, write Fr instead of F|^. 



4. Newton Polytopes 

Notation 4.0.4. (a) For any d e Z" we define a monomial x** =^ Y\^ x*. 

(b) For any field k and a polynomial /(x) = ^■^n ddX**, the support of / is defined 
as the set Supp(/) {d e Z" : aa 0} . 

(c) For any subset 5 of a real vector space we denote the convex hull of S by 
Conv{5}. 
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(d) If X = (xo, . . . , Xn) and y = (yo) • • • , TJn) denote two points in such that 

xq ^ Vq we define the generalized slope of the vector as the vector 

"i(x^) =' (j/i - xi/yo -Xo,...,yn- x„/yo - Xq) G M" 

If /(x) = adX*^ is a any polynomial over a local field k with a valuation 
w : k — >■ Z, in [4] the extended Newton poly tope of / was defined as follows: 

Ni{f) = Conv{(d,u) : d e Supp(/) and u > w{ad)} 

Now suppose /(x) is a polynomial (with the same explicit form as above) with 
coefficients in K, a n-dimensional local field. We define the n- extended Newton 
polytope of / as follows: 

Nn{f) =^ Conv{(d, ji, . . . , j„) : d e Supp(/); js > Vsiad), 1 < s < n} 

Here u : (K"')^ — )• Fg is the map constructed before and is the s— coordinate 
of v. 

Theorem 4.0.5. Suppose f{t) is a polynomial in one variable overK given by 

n 

f{t) = l + J2ait'- 

i=l 

Let, 

n 

(2) f{t) = — t/oi) with possibly repeated roots in K"*'. 

i=l 

Let ui > 1/2 > . . . > fm be m points in Fg with the decreasing order, such that 
exactly ki roots have valuation u\, k2 roots have valuation and so on (i.e. ki + 

k2 + + n). 

Then Nn{f) has exactly m bounded edges with generalized slopes —Ui. 

Proof. Without loss of generality, we will assume that in the factorization (2), the 
roots «!, . . . , afcj have valuation vi, the roots a^j+i, . . . , a/si+fej have valuation 1/2 

and so on. 

Wc have Oi = (— l)*ei(l/ai, . . . , l/an), where e^ is the i-th elementary symmetric 
function on n variables. 

Applying valuation, v : (K)^ Fr, we get 

(3) u{ai) = iy{ei{l/ai,...,l/ a„))> mm I {u{l/ajj + . . .u{l/aj.)) 

[\j\=i 

where J = {ji, . . . ,ji} runs over subsets of {1, 2, ... , n} of cardinality i. 
When i = 0, ao = 1 and eo = 1 by convention. 
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When < i < fci, the minimum in the equation (3), is attained at more than 
one index set J. So, the inequality is strict, i.e. z^(ai) > inin{^| j|^^(i/(l/Q:jj) + 
. . . i/(1/q!jv))}. When i = ki the minimum is unique and thus we have i'(afci) = 
—kiVi- Wc thus conclude that a (possibly) bounded edge emanating from the vertex 
(0,0) of Nn{f) passes through the vertex (fci, 1^(0^1)). This edge has generalized 
slope —1^1. 

Next, when ki < i, equation (3) and monotonicity of Vi imply that any vector 
joining (0,0) to (z,z/(aj)) has generalized slope > —vi. Thus we conclude that 
exactly one bounded edge emanates from (0, 0) and terminates at (fci, 1/(0^1)). The 
points {j,u{aj)) for Q < j < ki He inside the polyhedron. So, the next possibly 
bounded edge emanates from the vertex (fci,afcj). 

Repeating, the previous argument with ki < i < ki + k2', using equation (3) and 
the monotonicity of i/i, we conclude that exactly one bounded edge emanates from 
(fci, u{aki)) c^iid terminates at (fci + ^2, ^(afei+fej)) with generalized slope —i'2- 
Continuing like this, we see that there is exactly one edge emanating from (fci + 
. . . + kj,iy{aki+,„+kj)) which terminates at ((fci + . . . + kj+i,iy{aki+...+kj+i))) with 
generalized slope —Uj. □ 

Remark 4.0.6. Let us consider f{ti, . . . ,tn,x) in the ring K(o)[ii, ■ • • We 
are interested in (fractional) power series 4'{ti, . . . , f„) such that formally, it satisfies 
the identity f{ti, . . . ,tn,<p) =0. 

The case n = 1 was already considered by Newton. For n > 1, an algorithm to 
construct such a power series solution has been given by McDonald. His construc- 
tion gives explicit description of the co-efficients arising in 4>, in terms of the Newton 
polytope of / and a choice of an (admissible) edge of the polytopc. Moreover he 
shows that complete systems of scries solutions arc parametrized by coherent edge 
paths of the Newton polytope in M"+^. We refer the reader to [13] for the details 
of this construction. 

In this framework, we are only interested one particular series solution corre- 
sponding to the edge-path determined by the valuation v on the coefficients of 
/• 

5. Tropicalization 

def 

Let Ok = k be the m-dimensional algebraic torus over K, where K is a n- 
dimensional local field. Let Tk(L) denote the L valued points. Let M denote the 

lattice of characters of Tk. 

By definition, wc have a non-degenerate pairing ev : 'Jk(K°') x M — > (K"')^ 
which is given by evaluation of a character at a point (ei'(t, x) x(t))- This defines 
a map Tik(K°') — > Hom(M, K"'). Composing with the valuation u : K"' Tr gives 
us a map p : 0"k(]K"') — > Hom(M, Tr). 
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Definition 5.0.7. Tropicalization is the vertical arrow which makes the following 
diagram commutative. The diagonal arrow is just pointwise valuation. 

Trop 

Hom(M,rM)^-^^r™ 

Remark 5.0.8. (i) Tropicalization is the map p constructed above with some 
additional normalization conditions, 
(ii) If X is any closed, reduced sub-scheme of the torus, then Trop{X) is defined as 
the topological closure of the image. Clearly Trop{X) = Trop{Xi)[JTrop{X2) 
if Xi is an irreducible component, so we may as well assume that X is irre- 
ducible. 

5.1. Hypersurface in a torus. Let /(x) be a Laurent polynomial over IK defining 

a closed, reduced, irreducible subschema Xy of the torus Tr. 
Let us assume, to be specific, that / is given explicitly as 

/(x) = ^ adx'i 

Associated to / we define a piecewise linear map : — )• Fr defined by 

f^ui, . . . ,Um) = min li^iad) + di.uA 
Supp(/) I. J 

where € Fr and di.Ui is the usual scalar multiplication in Fr. 

Let T{f) =' the locus of points in Fa where the minimum is attained at two 
or more distinct indices. This is equivalent to saying that is the T{f) is the non- 
differentiability locus of f^. Evidently T(/) is a F rational polyhedron in FJ^ of 
dimension nm — n. 

Theorem 5.1.1. The subsets T{f) andA{Xf) =^ {u{t) : t e Xj:(]K«')} o/F^ are 
equal. 

Proof. It suffices to show that T{f) n F" = A{Xf) n F™ where F™ is the canonical 
divisible subgroup of Fg* . 

If c e A{Xf) n F" then there is a t G ((K'^')><)'" such that i^{t) = c. As a resuh 
/(t) = which forces /"^ to be non-differentiable at c. This shows that >l(X/)nF'" c 

r(/) nF™. 

Now suppose c e T(/) n F'" then there is a t G ((K'^')'')'" such that ^;(t) = c. We 
will be done if we show that /(t) = 0. After a change of co-ordinates we reduce to 
the case when c = 0. 

Lemma 5.1.2. // G T(/) n F™ then G A{Xf) n F™. 
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Proof. e n r™ implies that there are k indices (fc > 2) di, . . . , dfe such that 

(4) i/(adj = i^(adj = . . . = i^(adj < i^{ad^,) 

for every d/j' G Supp(/) \ {di,...,dfe}. Factoring out a^^ if necessary we may 
assume that iy{adi) = 0. For a generic b G such that the usual inner-product 
b.di 7^ b.d2 = . . . ^ b.dfe consider the polynomial fb{z) =' X^dez™ "^d Then 
by condition (4), A^„(/) will have bounded edges with generalized slope 0. Thus we 
have a root p of fb{z) such that = 0. Clearly po = {p^^, . . . ,p^"^) is a root of 
the required form. □ 

This completes the proof of theorem (5.1.1). □ 

Corollary 5.1.3. The tropicalization of a reduced, irreducible hypersurface X/ in 
Tk, is a rational polyhedral complex of dimension mn — n. 

5.2. General closed sub-schemes. We now consider the general case where X 
is a closed, reduced, irreducible K sub-scheme of Tk of dimension d. Let 3% denote 
the ideal defining X. 

5.2.1. Initial ideals and Weight functions. Let M be an abelian group, following 
analogy with the character lattice we will use x" to denote an element of M and 

^u+v _ g^j^j^ g^j^j ^t) -j^g^ IK[M] denote the group ring over a field K. Let 

C K[M] denote the group of monomials (i.e. elements of the form ax" where 
a 0). Let (G, +) be any ordered abelian group. Generalizing the approach of 
Sturmfels [19], we consider the following definition. 

Definition 5.2.1. A weight function on K[M] is any group homomorphism 
wt : — > G. We extend wt to non-zero / =' "^ZueA^ '^X" by defining 

wt(/)= min {wt(ax")}. 
«e bupp(/) 

Example 5.2.2. If M = Z™, then K[M] ^ K[xt, . . .,x^], and G = (]R,+), the 
set Hom(Af, M) provides a natural space of weight functions (wtt^(ax") — uj{u) 
for uj G Hom(M, M)). With this identification, M" appears as the space of weight 

vectors in [19, Chapter 1]. 

The above definition easily adapts to the case of rings like K.[xi, . . . , Xm] by using 
monoids (M = N™) instead of groups. 

We will consider the case when, M is a character lattice of the torus, IK is a 
n-dimensional local field and G = Fk. For awe Hom(M, Fr) we will consider the 
following weight function (and its extension to linear combination of monomials as 
defined above). 

(5) wt^ (a„x") = t^iau) - (w, u) 
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Given an weight function wt on K[M] and a non-zero / G K[M] let In^rtif) be 
the hnear combination of the terms of lowest weight in /. More generally if J is an 
ideal of ]K[M], then In-„t{J) is the ideal generated by the set {/nwt(/) '■ f & J} ■ 

Remark 5.2.3. (i) In the setup of example (5.2.2), In^^^[f) and In^t^{J) are 
called (in [19]), the initial form and the initial ideal respectively. We will keep 
this terminology in our case as well, 
(ii) We will for simplicity, use In,^ to denote In^t^ where the weight function will 
always be defined by (5). 

Recall that M denotes the character lattice of Tk- So the ring of functions on 

the torus K"'[Tk] is the group ring W^[M]. Let us fix w e Hom(M,rM). Then by 
equation (5) we get a weight function wt^ on K"'[M]. 

Let O^M]'^ =^ {/ G K'^'[M] such that wt^{f) > 0}. These are analogs of the 
"tilted group rings" considered by Payne in [16]. Then =^ Spec(Oi/[M]'^) defines 
an integral model of Tk over Spec(O^). Let X" be the Zariski closure of X in 7" and 
X„ denote the fiber of X" over Spec(0^/m,^), where m,^ is the maximal valuation 
ideal of 0^. 

Let us now introduce a system of co-ordinates on Fr (recall Fr = M") and 
let u) — {oji, . . . , w„) in co-ordinates. We now use a;„ to define a different weight 
function on K^'fM] which only considers the IK as a local field. More precisely: 



As before, wc can consider Ok(„) [-M]"^" as the tilted group ring and T"" = 
Spec(OK(^j [M]"^") defines an integral model of the torus Jr. 

Now consider X"" the Zariski closure of X in T"" and let denote the fiber of 
X"" over the unique maximal ideal niK(„) of Ok(„) • Clearly X„^ is a closed subscheme 
of the torus Tk(„_i), the m— dimensional torus defined over K(„_i). Now consider 
a weight function on given by and repeating the above steps 

word-for-word wc obtain a sub-scheme X(tj^_^ j^,^) of Tk^^ ^j. 

Iterating this process n times we have a closed sub-scheme X(„j^^... ^j^) of Tk^q, . 
As closed subschemes of the torus Tk(o) over ]K(o) we have an isomorphism X;^ = 
X(wi,...,a)„) where co corresponds to {coi, . . . ,a;„) in co-ordinates. 

Theorem 5.2.4. Trop{X) = {oj € Hom{M, Fr) such that X„ ^ 0} 

Proof. If a; G Trop{X) then there is t G Tjjai such that /(t) = for every / G 3%. 
As a result Inu{f) is not monomial. Thus the ideal Inu{3x) is not monomial and 
hence it defines a non-empty subscheme of the torus (i.e. there are solutions to these 
polynomials with all co-ordinates non-zero). Thus proves that X^ is not empty. 
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Recall that X,^ = X((^j^...^„^). We will be done if we can show that any point of 
X<^(K^^)) Hfts to a point of X(]K«')- 

Lemma 5.2.5. Using the above notation, any point of X^{K'^q^) lifts to a point of 
X(IK'^0- 

Proof. We consider the following chain of schemes X X^^ 3^(w„_i,w„) ~^ 
• ■ • '^{uii,...,u:„)'^ where 'X(^ui,...,uir,) is a special fiber (over the maximal valuation ideal 
of the DVR Okj''j) of integral model of X(„.^j^...^^j^). 

It follows from [16, Theorem 4.1] that any point on X(tj.^^^. ._t^^) lifts to a point 
of X((^._,,.^(^^). ^ Thus we have the desired lift of a point of X(„j_...^jj^). □ 

This finishes the proof of the theorem. □ 

Example 5.2.6. We will now consider the polynomial f{x,y) = x + y + 1, and 
describe Trop{Xf) over a two dimensional local field C{{ti)){{t2))- 

To do this, we consider weights as vectors in of the form (wii,a;i2; W21, ^22)- 
For such a weight consider the polynomial 

There are now two steps. We first consider initial terms with respect to the t2 
variables and then consider degeneration with respect to ti variables as summarized 
in table 5.2.6. As a result the tropicalization in this case, is a two dimensional 
polyhedral complex embedded in M*. It "looks" like figure 1. 

Table 1. Tropicalization ofa; + j/ + l = over C((ti))((t2)). 



Condition 


Initial 


Condition 


Initial 


on weights 


Degenerations 


on weights 


Degenerations 


aJl2,aJ22 




0)12,0)22 




0)12 = W22 < 




0)11 = 0)21 


x + y 


1012 = OJ22 = 




0)11 = 0)21 < 


x + y 


ditto 


ditto 


0)11 = 0)21 = 


x + y+1 


ditto 


ditto 


cJii = 0; 0)21 > 


x + 1 


ditto 


ditto 


u)ii > 0; 0)21 = 


y + 1 


UJ12 = 0; a;22 > 


t'^^^x + 1 


0)11 = 0; 0)21 G K 


x + 1 


0)12 > 0; 0)22 = 




o)ii £ K; 0)21 = 


y + 1 



We recall that the tropicalization of X/ over a local field, say C{{t)) comprises 
of three half lines meeting at the origin, see [6] for a nice exposition. 

5.2.2. Dimension. It is well known from the work of [2, 4, 21] that if X is a d- 
dimensional subscheme of the torus, over a local field then Trop{X) is a rational 
polyhedral complex of pure dimension d. 

^In fact, Payne proves that the fibers are Zariski dense. 
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Figure 1. Tropicalization oix + y + 1 over C((ti))((t2)). 

In the case of an n-dimensional local field, let us start with the simple observation 
that if K is an n-dimcnsional local field over IK(o) , then it is also a j'-dimensional 
local field over IK(„_j). 

So, if X is a scheme defined over K (we always assume X is a closed, reduced, 
irreducible sub-scheme of 0"k) then we let Ttop^-'^(X) denote the tropicalization of 
X over K, where K is now considered as a j-dimensional local field over K^n-j)- In 
this notation, wc arc interested in Trop{'X) = Trop*-"-* (X). Consider the retraction 
maps of ambient vector spaces r^^ : Trop*-"''(X) 'Xrop^-'''(X). The fiber of over 
any point (wj, . . . , w„) G Trop'^^(X) is rrop(X(^^.^...^„^)). 

The dimension of X((^^._..._;^^) is that of dim(X) for generic choice of (w^, . . . ,a;„) 
(and it can drop for special values of ujj), thus by induction on the dimension of 
the local field K we get that dim(Trop(X)) = nd. 

Theorem 5.2.7. The tropicalization of a d- dimensional closed, reduced, irreducible 
subscheme of an algebraic torus over a n-dimensional local field is a rational poly- 
hedral complex of dimension nd. 

We finally consider an example showing that the polyhedral complex associ- 
ated to a tropicalization is not necessarily pure. Recall, a polyhedral complex of 
dimension d is called pure if all the maximal faces are of the same dimension d. 

Example 5.2.8. Let us consider the polynomial f{x,y) = {x — ti){x — t^) + 
y^, defined over C((ii))((t2))- For any given weight (wn, W12; 0^21, W22) € M'', we 
consider the polynomial /(t^^^ij^^^;, f^^Hj^^y). Consider the table 5.2.8 describing 
the relevant initial degenerations of /. 
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Table 2. Tropicalization of (a; - ti){x - tf) + = over C((ti))((t2)). 



Condition 
on weights 


Initial 

Degenerations 


Condition 
on weights 

'•^12 1 '•^22 


Initial 

Degenerations 


Ld-i2 = U)22 < 


(^-llx-2+tf21y2 


OJll = U21 


x-^ + 


C0l2 = U322 = 




U)ii = U121 < 1 




ditto 


ditto 


wii = a;2i = 1 


i"^ — a; + 1/"^ 


ditto 


ditto 


0)11 = l;o;2i > 1 


a; — i; 


ditto 


ditto 


1 < wii < 2;w2i = tJii/2 


-a; + 2/^ 


ditto 


ditto 


0)11 = 2;o)2i 6 M 


1 


U!i2 = 0;a'22 > 


(Ci;-ti)(Cx-t?) 


0)11 = 1 or 2; 0)21 6 K 


a;- 1 



In this example the line segment given by {t, 0, t/2, 0) where 1 < t < 2, joining the 
points (1, 0, 1/2, 0) to (2, 0, 1, 0) is a maximal face of dimension 1. So the polyhedral 
complex Trop{Xf) is not pure. 
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